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Abstract
Let C be a nonempty closed convex subset of a real Hilbert space, and let T : C → C
be an asymptotically k-strictly pseudocontractive mapping with
F(T ) = {x ∈ C : Tx = x} = ∅. Let {αn}∞n=1 and {tn}∞n=1 be real sequences in (0, 1). Let {xn}∞n=1
be the sequence generated from an arbitrary x1 ∈ C by
{
νn = PC((1 – tn)xn), n ≥ 1,
xn+1 = (1 – αn)νn + αnTnνn, n ≥ 1,
where PC : H → C is the metric projection. Under some appropriate mild conditions
on {αn}∞n=1 and {tn}∞n=1, we prove that {xn}∞n=1 converges strongly to a ﬁxed point of T .
Furthermore, if T : C → C is uniformly L-Lipschitzian and asymptotically
pseudocontractive with F(T ) = ∅, we ﬁrst prove that (I – T ) is demiclosed at 0, and then
prove that under some suitable conditions on the real sequences {αn}∞n=1, {βn}∞n=1
and {tn}∞n=1 in (0, 1), the sequence {xn}∞n=1 generated from an arbitrary x1 ∈ C by
⎧⎨
⎩
νn = PC ((1 – tn)xn), n ≥ 1,
yn = (1 – βn)νn + βnTnνn, n ≥ 1,
xn+1 = (1 – αn)νn + αnTnyn, n ≥ 1,
converges strongly to a ﬁxed point of T . No compactness assumption is imposed on T
or C and no further requirement is imposed on F(T ).
MSC: 47H09; 47J25; 65J15
Keywords: asymptotically pseudocontractive maps; ﬁxed points; strong
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1 Introduction
Let H be a real Hilbert space with the inner product 〈·, ·〉 and the induced norm ‖ · ‖.
Let C be a nonempty closed convex subset of H . A mapping T : C → C is said to be
L-Lipschitzian if there exists L≥  such that
‖Tx – Ty‖ ≤ L‖x – y‖, ∀x, y ∈ C. (.)
T is said to be a contraction if L ∈ [, ), and T is said to be nonexpansive if L = . T is
said to be asymptotically nonexpansive (see, for example, []) if there exists a sequence
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{kn}∞n= ⊆ [,∞) with limn→∞ kn =  such that
∥∥Tnx – Tny∥∥≤ kn‖x – y‖, ∀x, y ∈ C. (.)
It is well known (see, for example, []) that the class of nonexpansive mappings is a proper
subclass of the class of asymptotically nonexpansive mappings. T is said to be asymp-
totically k-strictly pseudocontractive (see, for example, []) if there exist k ∈ [, ) and a
sequence {kn}∞n= ⊆ [,∞), limn→∞ kn =  such that
∥∥Tnx – Tny∥∥ ≤ kn‖x – y‖ + k∥∥(x – Tnx) – (y – Tny)∥∥, ∀x, y ∈ C. (.)
T is said to be asymptotically pseudocontractive if there exists a sequence {kn}∞n= ⊆ [,∞),
limn→∞ kn =  such that
∥∥Tnx – Tny∥∥ ≤ kn‖x – y‖ + ∥∥(x – Tnx) – (y – Tny)∥∥, ∀x, y ∈ C. (.)
It is well known that in real Hilbert spaces, the class of asymptotically nonexpansive maps
is a proper subclass of the class of asymptotically k-strictly pseudocontractive maps. Fur-
thermore, the class of asymptotically k-strictly pseudocontractive mappings is a proper
subclass of the class of asymptotically pseudocontractive maps. T is said to be uniformly
L-Lipschitzian if there exists L≥  such that
∥∥Tnx – Tny∥∥≤ L‖x – y‖, ∀x, y ∈ C.
T is said to be demiclosed at p if whenever {xn}∞n= is a sequence in C which converges
weakly to x∗ ∈ C and {Txn}∞n= converges strongly to p, then Tx∗ = p. It is well known
that if T : C → C is asymptotically k-strictly pseudocontractive, then T is uniformly
L-Lipschitzian (see, for example, [, ]), and (I – T) is demiclosed at  (see, for exam-
ple, []). The modiﬁed Mann iteration scheme {xn}∞n= generated from an arbitrary x ∈ C
by
xn+ = ( – αn)xn + αnTnxn, n≥ , (.)
where the control sequence {αn}∞n= is a real sequence in (, ) satisfying some appropri-
ate conditions, has been used by several authors for the approximation of ﬁxed points of
asymptotically k-strictly pseudocontractive maps (see, for example, [–]). The iteration
algorithm (.) is a modiﬁcation of the well-known Mann iterative algorithm (see [])
generated from an arbitrary x ∈ C by
xn+ = ( – αn)xn + αnTxn, n≥ , (.)
where the control sequence {αn}∞n= is a real sequence in (, ) satisfying some appropriate
conditions.
In real Hilbert spaces, it is known (see, for example, [–]) that ifC is a nonempty closed
convex subset of a real Hilbert space H , and T : C → C is an asymptotically k-strictly
pseudocontractive mapping with a sequence {kn}∞n= ⊆ [,∞),
∑∞
n=(kn – ) < ∞, and a
nonempty ﬁxed point set F(T), then the modiﬁed iteration sequence {xn} generated by
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(.) is an approximate ﬁxed point sequence (i.e., ‖xn–Txn‖ →  as n→ ∞) if αn ∈ [a,b]⊆
(,  – k). This together with the demiclosedness property of (I – T) at  yields that {xn}
converges weakly to a ﬁxed point of T .
To obtain strong convergence of the modiﬁed Mann algorithm (.) to a ﬁxed point of
an asymptotically k-strictly pseudocontractive mapping, additional conditions are usually
required onT and on the subsetC (see, for example, [–]). Even for nonexpansivemaps,
additional conditions are required onT orC to obtain strong convergence using theMann
algorithm (.). In [], Genel and Lindenstraus provided an example of a nonexpansive
mapping deﬁned on a bounded closed convex subset of aHilbert space forwhich theMann
iteration does not converge to a ﬁxed point of T . Recently Yao et al. [] (see also [, ])
studied a modiﬁed Mann iteration algorithm {xn} generated from an arbitrary x ∈H by
{
νn = ( – tn)xn,
xn+ = ( – αn)νn + αnTνn,
(.)
where {tn} and {αn} are real sequences in (, ) satisfying some appropriate conditions.
They proved strong convergence of themodiﬁed algorithm to a ﬁxed point of a nonexpan-
sive mapping T :H → H when F(T) = ∅. Clearly, the modiﬁed Mann iteration algorithm
reduces to the normal Mann iteration algorithm when tn ≡ .
It is our purpose in this paper to modify algorithm (.) and prove that the modiﬁed
algorithm converges strongly to a ﬁxed point of an asymptotically k-strictly pseudocon-
tractive mapping T : C → C, where C is a nonempty closed convex subset of a real Hilbert
space and F(T) = ∅. Furthermore, we prove that if T : C → C is a uniformly L-Lipschitzian
asymptotically pseudocontractive mapping, then (I – T) is demiclosed at . We then in-
troduce an iterative algorithm which converges strongly to a ﬁxed point of a uniformly
L-Lipschitzian asymptotically pseudocontractive mapping T : C → C with F(T) = ∅. The
technique of proof of our convergence theorems follows the one proposed byMaingé [].
2 Preliminaries
In what follows, we shall need the following results.
Lemma . [] Let {an}∞n= be a sequence of nonnegative real numbers such that
an+ ≤ ( – λn)an + λnγn + σn, n≥ ,
where {λn} ⊆ (, ), {γn} ⊆ , {σn} is a sequence of nonnegative real numbers and
(i)
∑∞
n= λn =∞, or equivalently,
∏∞
n=( – λn) = ,




Then limn→∞ an = .
Let C be a closed convex subset of a real Hilbert space H . Let PC : H → C denote the
metric projection (the proximity map) which assigns to each point x ∈H the unique near-
est point in C, denoted by PC(x). It is well known that
z = PC(x) if and only if 〈x – z, z – y〉 ≥ , ∀y ∈ C, (.)
and that PC is nonexpansive.
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It is alsowell known that in realHilbert spacesH , we have the following (see, for example,
[]):
(i) ‖x + y‖ ≤ ‖y‖ + 〈x,x + y〉, ∀x, y ∈H ; (.)
(ii)
∥∥αx + ( – α)y∥∥ = α‖x‖ + ( – α)‖y‖ – α( – α)‖x – y‖,
∀x, y ∈H and α ∈ [, ]; (.)
(iii) if {xn}∞n= is a sequence in H which converges weakly to z, then
lim sup
n→∞
‖xn – y‖ = lim sup
n→∞
‖xn – z‖ + ‖z – y‖, ∀y ∈H . (.)
3 Main results
3.1 Strong convergence of an iterative algorithm for asymptotically k-strictly
pseudocontractive maps
We now introduce the following iterative algorithm analogous to one studied in [].
Modiﬁed averaging Mann algorithm Let C be a nonempty closed convex subset of a
real Hilbert space H , and let T : C → C be a given mapping. For arbitrary x ∈ C, our
iteration sequence {xn} is given by
{
νn = PC(( – tn)xn),
xn+ = ( – αn)νn + αnTnνn,
(.)
where {tn} and {αn} are suitable real sequences in (, ) satisfying some appropriate con-
ditions that will be made precise in our strong convergence theorem.
We now prove the following convergence theorem.
Theorem . Let C be a nonempty closed convex subset of a real Hilbert space, and let
T : C → C be an asymptotically k-strictly pseudocontractive mapping with a sequence
{kn}∞n= ⊆ [,∞) such that
∑∞
n=(kn – ) < ∞. Let F(T) = ∅, and let {tn}∞n= and {αn}∞n= be
sequences in (, ) satisfying the conditions:




(c) limn→∞ tn (kn – ) = ;
(c)  <  ≤ αn <  ( – tn)( – k), ∀n≥  and for some .
Then the modiﬁed averaging iteration sequence {xn}∞n= generated from x ∈ C by (.) con-
verges strongly to a ﬁxed point of T .










〉≥ ( – k)∥∥(I – Tn)x – (I – Tn)y∥∥
– (kn – )‖x – y‖, (.)

〈
Tnx – Tny,x – y
〉≤ (kn + )‖x – y‖ – ( – k)∥∥(I – Tn)x – (I – Tn)y∥∥. (.)
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Let p ∈ F(T) be arbitrary. Then, using (.), (.), (.) and (.), we obtain
‖xn+ – p‖ =
∥∥( – αn)(νn – p) + αn(Tnνn – p)∥∥
= ( – αn)‖νn – p‖ + αn
∥∥Tnνn – p∥∥ – αn( – αn)∥∥νn – Tnνn∥∥
≤ [ + αn(kn – )]‖νn – p‖ – αn( – αn – k)∥∥νn – Tnνn∥∥. (.)
Hence
‖xn+ – p‖ ≤
[




 + αn(kn – )
]∥∥PC(( – tn)xn) – p∥∥
≤ [ + αn(kn – )]∥∥( – tn)xn – p∥∥
=
[
 + αn(kn – )
]∥∥( – tn)(xn – p) – tnp∥∥
≤ [ + αn(kn – )][( – tn)‖xn – p‖ + tn‖p‖]












n=(kn – ) <∞, it follows from (.) that {xn}∞n= is bounded. Hence {νn}∞n= is also
bounded. Furthermore, it follows from (.) that
‖xn – xn+‖ = ‖xn – νn + νn – xn+‖
≤ ‖νn – xn+‖ + 〈xn – νn,xn – xn+〉
≤ ‖νn – xn+‖ + ‖xn – νn‖‖xn – xn+‖
≤ ‖νn – xn+‖ + tn‖xn‖‖xn – xn+‖. (.)
From (.) and (.) we obtain





[‖xn – xn+‖ – tn‖xn‖‖xn – xn+‖]. (.)
Since {νn}∞n= is bounded, then
‖νn – p‖ ≤D, ∀n≥  and for some D > ,
and hence using condition (c) and (.) in (.), we obtain
‖xn+ – p‖ ≤
[
 + αn(kn – )
]‖νn – p‖
– αn( – αn – k)
∥∥νn – Tnνn∥∥
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≤ ‖νn – p‖ – ( – αn – k)
αn
[‖xn – xn+‖
– tn‖xn‖‖xn – xn+‖
]
+ αn(kn – )D
≤ ∥∥( – tn)xn – p∥∥ – ( – αn – k)
αn
[‖xn – xn+‖
– tn‖xn‖‖xn – xn+‖
]
+ αn(kn – )D
≤ ‖xn – p‖ – tn〈xn,xn – p〉 + tn‖xn‖
– σ‖xn – xn+‖ + σtn‖xn‖‖xn – xn+‖








= ‖xn – p‖ – σ‖xn – xn+‖ + tn
[
tn‖xn‖
+ σ‖xn‖‖xn – xn+‖ – 〈xn,xn – p〉
]
+ αn(kn – )D. (.)
Since {xn}∞n= is bounded, we have that there existsM >  such that
tn‖xn‖ + σ‖xn‖‖xn – xn+‖ – 〈xn,xn – p〉 ≤M, ∀n≥ . (.)
From (.) and (.) we obtain
‖xn+ – p‖ – ‖xn – p‖ + σ‖xn – xn+‖ ≤Mtn + αn(kn – )D. (.)
To complete the proof, we now consider the following two cases.
Case . Suppose that {‖xn – p‖}∞n= is a monotone sequence, then we may assume that
{‖xn – p‖} is monotone decreasing. Then limn→∞ ‖xn – p‖ exists and it follows from (.),
conditions (c) and limn→∞ kn =  that
lim
n→∞‖xn – xn+‖ = . (.)
Furthermore,
‖νn – xn‖ ≤ tn‖xn‖ →  as n→ ∞, and
‖νn – xn+‖ ≤ ‖νn – xn‖ + ‖xn – xn+‖ →  as n→ ∞.
Hence
∥∥νn – Tnνn∥∥≤ 
αn
‖νn – xn+‖ ≤ 

‖νn – xn+‖ →  as n→ ∞,
and
∥∥xn – Tnxn∥∥ ≤ ‖xn – νn‖ + ∥∥νn – Tnνn∥∥ + ∥∥Tnνn – Tnxn∥∥
≤ ( + kn)‖xn – νn‖ +
∥∥νn – Tnνn∥∥→  as n→ ∞.
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Observe also that since T is uniformly L-Lipschitzian, we obtain
‖νn – Tνn‖ ≤
∥∥νn – Tnνn∥∥ + ∥∥Tnνn – Tνn∥∥
≤ ∥∥νn – Tnνn∥∥ + L∥∥Tn–νn – νn∥∥
≤ ∥∥νn – Tnνn∥∥ + L∥∥Tn–νn – Tn–νn–∥∥
+ L
∥∥Tn–νn– – νn–∥∥ + L‖νn– – νn‖
≤ ∥∥νn – Tnνn∥∥ + L∥∥Tn–νn– – νn–∥∥
+ L( + L)‖νn – νn–‖
≤ ∥∥νn – Tnνn∥∥ + L∥∥Tn–νn– – νn–∥∥
+ L( + L)
[‖νn – xn‖ + ‖xn – xn–‖
+ ‖xn– – νn–‖
]→  as n→ ∞. (.)
Furthermore,
‖xn – Txn‖ ≤
∥∥xn – Tnxn∥∥ + ∥∥Tnxn – Txn∥∥
≤ ∥∥xn – Tnxn∥∥ + L∥∥Tn–xn – xn∥∥
≤ ∥∥xn – Tnxn∥∥ + L∥∥Tn–xn – Tn–xn–∥∥
+ L
∥∥Tn–xn– – xn–∥∥ + L‖xn– – xn‖
≤ ∥∥xn – Tnxn∥∥ + L∥∥Tn–xn– – xn–∥∥
+ L( + L)‖xn – xn–‖ →  as n→ ∞. (.)
Since limn→∞ ‖xn – Txn‖ = limn→∞ ‖νn – Tνn‖ = limn→∞ ‖νn – xn‖ = , then the demi-
closedness property of (I – T), (.) and the usual standard argument yield that {xn}∞n=
and {νn}∞n= converge weakly to some x∗ ∈ F(T).
Since αn(–αn–k)≥  (–k) > , and since ‖νn–x∗‖ ≤D, ∀n≥ , and for someD > ,
then using (.) we obtain
∥∥xn+ – x∗∥∥ ≤ ∥∥νn – x∗∥∥ + αn(kn – )D
≤ ∥∥( – tn)(xn – x∗) – tnx∗∥∥ + αn(kn – )D
= ( – tn)
∥∥xn – x∗∥∥ – tn( – tn)〈xn – x∗,x∗〉
+ tn
∥∥x∗∥∥ + αn(kn – )D
≤ ( – tn)
∥∥xn – x∗∥∥ – tn( – tn)〈xn – x∗,x∗〉
+ tn
∥∥x∗∥∥ + αn(kn – )D. (.)
Thus
∥∥xn+ – x∗∥∥ ≤ ( – tn)∥∥xn – x∗∥∥ + tnγn + σn, ∀n≥ ,
where γn := –( – tn)〈xn – x∗,x∗〉 + tn‖x∗‖, and σn = αn(kn – )D, with ∑∞n= σn < ∞.
Since {xn}∞n= converges weakly to x∗, then limn→∞〈xn – x∗,x∗〉 = , and this together with
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condition (c) (i.e., limn→∞ tn = ) implies that γn := –( – tn)〈xn – x∗,x∗〉 + tn‖x∗‖ → 
as n → ∞. It now follows from Lemma . that {xn}∞n= converges strongly to x∗. Conse-
quently, {νn}∞n= converges strongly to x∗.
Case . Suppose that {‖xn – p‖}∞n= is not a monotone decreasing sequence, then set
	n := ‖xn –p‖, and let τ :N→N be amapping deﬁned for all n≥N for some suﬃciently
large N by
τ (n) :=max{k ∈N : k ≤ n,	k ≤ 	k+}.
Then τ is a non-decreasing sequence such that τ (n) → ∞ as n → ∞ and 	τ (n) ≤ 	τ (n)+
for n≥N. Using (c) and (c) in (.), we obtain
‖xτ (n)+ – xτ (n)‖ ≤ 
σ
[
Mtτ (n) + ατ (n)(kτ (n) – )D
]→  as n→ ∞. (.)
Following the same argument as in Case , we obtain
‖ντ (n) – Tντ (n)‖ →  as n→ ∞ and ‖xτ (n) – Txτ (n)‖ →  as n→ ∞.
As in Case , we also obtain that {xτ (n)} and {ντ (n)} converge weakly to some x∗ in F(T).
Furthermore, for all n≥N, we obtain from (.) that
 ≤ ∥∥xτ (n)+ – x∗∥∥ – ∥∥xτ (n) – x∗∥∥
≤ tτ (n)
[
–( – tτ (n))
〈





(kτ (n) – )
tτ (n)
–
∥∥xτ (n) – x∗∥∥
]
. (.)
It follows from (.) that
∥∥xτ (n) – x∗∥∥ ≤ ( – tτ (n))〈x∗ – xτ (n),x∗〉 + tτ (n)∥∥x∗∥∥
+Dατ (n)
(kτ (n) – )
tτ (n)
→  as n→ ∞.
Thus
lim
n→∞	τ (n) = limn→∞	τ (n)+.
Furthermore, for n≥N, we have 	n ≤ 	τ (n)+ if n = τ (n) (i.e., τ (n) < n), because 	j > 	j+
for τ (n) + ≤ j≤ n. It then follows that for all n≥N we have
≤ 	n ≤ max{	τ (n),	τ (n)+} = 	τ (n)+.
This implies limn→∞	n = , and hence {xn}∞n= converges strongly to x∗ ∈ F(T). 
Corollary . Let H be a real Hilbert space, and let C be a nonempty closed convex subset
of H with  ∈ C. Let T : C → C be an asymptotically k-strictly pseudocontractive mapping
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with a sequence {kn}∞n= ⊆ [,∞) such that
∑∞
n=(kn – ) < ∞. Let F(T) = ∅, and let {tn}∞n=
and {αn}∞n= be sequences in (, ) satisfying the conditions:




(c) limn→∞ tn (kn – ) = ;
(c)  <  ≤ αn <  ( – tn)( – k), ∀n≥  and for some .
Then the modiﬁed averaging iteration sequence {xn}∞n=, generated from x ∈ C by
{
νn := ( – tn)xn,
xn+ := ( – αn)νn + αnTnνn,
converges strongly to a ﬁxed point of T .
Remark . Prototypes for our real sequences {tn}∞n= and {αn}∞n= are:
tn :=
√
kn –  +

n +  , n≥ ; αn :=
n
(n + ) ( – k)( – tn), n≥ .
Corollary . Let C be a nonempty closed convex subset of a real Hilbert space, and let
T : C → C be an asymptotically nonexpansive mapping with a sequence {kn}∞n= ⊆ [,∞).
Let F(T) = ∅, and let {tn}∞n= and {αn}∞n= be sequences in (, ) satisfying the conditions:




(c)  <  ≤ αn <  ( – tn), ∀n≥  and for some .
Then the modiﬁed averaging iteration sequence {xn}∞n=, generated from x ∈ C by (.),
converges strongly to a ﬁxed point of T .
3.2 Demiclosedness principle and strong convergence results for uniformly
Lipschitzian asymptotically pseudocontractive maps
LetH be a real Hilbert space, and let C be a nonempty closed convex subset ofH . For uni-
formly L-Lipschitzian asymptotically pseudocontractive maps T : C → C, we ﬁrst prove
that (I – T) is demiclosed at  and then introduce a modiﬁed averaging Ishikawa itera-
tion algorithm and prove that it converges strongly to a ﬁxed point of T : C → C without
any compactness assumption on T or C and without further requirement on F(T). Our
demiclosedness principle does not require the boundedness of C imposed in the result of
[].
Theorem . Let H be a real Hilbert space, and let C be a nonempty closed convex sub-
set of H . Let T : C → C be a uniformly L-Lipschitzian asymptotically pseudocontractive
mapping. Then (I – T) is demiclosed at .
Proof Let {xn}∞n= be a sequence in C which converges weakly to p and {xn – Txn}∞n= con-
verges strongly to .We prove that p ∈ F(T). Since {xn}∞n= converges weakly, it is bounded.
For each x ∈H , deﬁne f :H → [,∞) by
f (x) := lim sup
n→∞
‖xn – x‖. (.)
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Observe that for arbitrary but ﬁxed integer m≥ , we have
∥∥xn – Tmxn∥∥ ≤ ‖xn – Txn‖ + ∥∥Txn – Txn∥∥ + · · · + ∥∥Tm–xn – Tmxn∥∥




( – β)x + βTmx
)
,




), and λ := supn≥ kn. Then
∥∥( – β)xn + βTmxn – Tmxn∥∥ = ( – β)∥∥xn – Tmxn∥∥→  as n→ ∞,
and
∥∥Tmxn –Gmxn∥∥ = ∥∥Tmxn – Tm(( – β)xn + βTmxn)∥∥
≤ Lβ∥∥xn – Tmxn∥∥→  as n→ ∞.
Hence
∥∥( – β)xn + βTmxn –Gmxn∥∥ ≤ ∥∥( – β)xn + βTmxn – Tmxn∥∥
+
∥∥Tmxn –Gmxn∥∥→  as n→ ∞.
Also
‖xn –Gmxn‖ ≤
∥∥xn – Tmxn∥∥ + ∥∥Tmxn –Gmxn∥∥→  as n→ ∞.
From (.) we obtain
f (x) = lim sup
n→∞
‖xn – p‖ + ‖p – x‖, ∀x ∈H .
Thus
f (x) = f (p) + ‖p – x‖, ∀x ∈H ,
and hence
f (Gmp) = f (p) + ‖p –Gmp‖. (.)
Observe that





‖xn –Gmxn +Gmxn –Gmp‖












∥∥( – β)xn + βTmxn – (( – β)p + βTmp)∥∥
+





∥∥( – β)(xn – p) + β(Tmxn – Tmp)∥∥
+






( – β)‖xn – p‖ + β
∥∥Tmxn – Tmp∥∥
– β( – β)
∥∥xn – Tmxn – (p – Tmp)∥∥) + ( – β)‖p –Gmp‖
+ β




km( – β + kmβ)‖xn – p‖ + kmβ
∥∥xn – Tmxn – (p – Tmp)∥∥
– kmβ( – β)
∥∥xn – Tmxn – (p – Tmp)∥∥ + ( – β)‖p –Gmp‖
+ βL






 + β(km – )
)‖xn – p‖ + ( – β)‖p –Gmp‖
– β
[




 + β(km – )
)
f (p) + ( – β)‖p –Gmp‖. (.)
Equations (.) and (.) imply that
f (p) + ‖p –Gmp‖ ≤ km
(
 + β(km – )
)
f (p) + ( – β)‖p –Gmp‖,









f (p)→  asm→ ∞.
Thus
‖p –Gmp‖ →  asm→ ∞,∥∥p – Tmp∥∥≤ ‖p –Gmp‖ + ∥∥Gmp – Tmp∥∥
≤ ‖p –Gmp‖ + L
∥∥( – β)p + βTmp – p∥∥




∥∥p – Tmp∥∥≤ ‖p –Gmp‖ →  asm→ ∞.
It now follows that Tmp→ p asm→ ∞. Since T is continuous, we have that Tm+p→ Tp
asm→ ∞, and hence Tp = p. 
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Wenow introduce the following iterative algorithm for uniformly L-Lipschitzian asymp-
totically pseudocontractive maps.




νn = PC(( – tn)xn), n≥ ,
yn = ( – βn)νn + βnTnνn, n≥ ,
xn+ = ( – αn)νn + αnTnyn, n≥ .
(.)
Theorem . Let C be a nonempty closed convex subset of a real Hilbert space H , and let
T : C → C be a uniformly L-Lipschitzian asymptotically pseudocontractive mapping with
a sequence {kn}∞n= ⊆ [,∞),
∑∞
n=(kn –) <∞ and F(T) = ∅. Let {tn}∞n=, {αn}∞n= and {βn}∞n=
be real sequences in (, ) satisfying the conditions:




(c)  <  ≤ αn ≤ ( – tn)βn ≤ βn ≤ b < (+λ)+√(+λ)+L , where λ = supn kn;
(c) limn→∞ (kn–)tn = .
Then the sequence {xn}∞n= generated from an arbitrary x ∈ C by (.) converges strongly
to a ﬁxed point of T .














Tnx – Tny,x – y




( – βn)νn + βnTnνn
)
, n≥ .
Then, for arbitrary p ∈ F(T), we obtain
‖Gnνn – p‖ =
∥∥Tn(( – βn)νn + βnTnνn) – Tnp∥∥
≤ kn
∥∥( – βn)(νn – p) + βn(Tnνn – p)∥∥
+
∥∥( – βn)νn + βnTnνn –Gnνn∥∥
= kn( – βn)‖νn – p‖ + knβn
∥∥Tnνn – p∥∥
– knβn( – βn)
∥∥νn – Tnνn∥∥
+
∥∥( – βn)(νn –Gnνn) + βn(Tnνn –Gnνn)∥∥
=
[
kn( – βn) + knβn
]‖νn – p‖ + knβn∥∥νn – Tnνn∥∥
– kn( – βn)βn
∥∥νn – Tnνn∥∥ + ( – βn)‖νn –Gnνn‖
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+ βn
∥∥Tnνn –Gnνn∥∥ – βn( – βn)∥∥νn – Tnνn∥∥
≤ [ + (kn – )]‖νn – p‖ + knβn∥∥νn – Tnνn∥∥
– kn( – βn)βn
∥∥νn – Tnνn∥∥ + ( – βn)‖νn –Gnνn‖
+ βnL






)]‖νn – p‖ + ( – βn)‖νn –Gnνn‖
– βn
[
 – ( + kn)βn – βnL
]∥∥νn – Tnνn∥∥.
Thus





)]‖νn – p‖ + ( – βn)‖νn –Gnνn‖
– βn
[
 – ( + kn)βn – βnL
]∥∥νn – Tnνn∥∥. (.)
From (.) we obtain
〈νn –Gnνn,νn – p〉 ≥ βn‖νn –Gnνn‖ + βn
[





)‖νn – p‖ (.)
and
〈Gnνn – p,νn – p〉 ≤
(
 + kn
)‖νn – p‖ – βn‖νn –Gnνn‖
– βn
[
 – ( + kn)βn – βnL
]∥∥νn – Tnνn∥∥. (.)
Observe that
‖xn+ – p‖ =
∥∥( – αn)νn + αnGnνn – p∥∥
= ( – αn)‖νn – p‖ + αn‖Gnνn – p‖ – αn( – αn)‖νn –Gnνn‖





)]‖νn – p‖ + ( – βn)‖νn –Gnνn‖
– βn
[
 – ( + kn)βn – βnL
]∥∥νn – Tnνn∥∥]
– αn( – αn)‖νn –Gnνn‖
≤ [ + (kn – )]‖νn – p‖ – αn(βn – αn)‖νn –Gnνn‖
– αnβn
[
 – ( + kn)βn – βnL
]∥∥νn – Tnνn∥∥. (.)
Hence






and it follows, as in the proof of Theorem ., that {xn}∞n= is bounded. Observe that
‖xn – xn+‖ = ‖xn – νn + νn – xn+‖
≤ ‖νn – xn+‖ + 〈xn – νn,xn – xn+〉
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≤ ‖νn – xn+‖ + ‖xn – νn‖‖xn – xn+‖
≤ ‖νn – xn+‖ + 
∥∥PC(( – tn)xn) – xn∥∥‖xn – xn+‖
≤ ‖νn – xn+‖ + tn‖xn‖‖xn – xn+‖.
Hence
‖νn – xn+‖ ≥ ‖xn – xn+‖ – tn‖xn‖‖xn – xn+‖. (.)
Furthermore,
‖νn –Gnνn‖ ≤
∥∥νn – Tnνn∥∥ + ∥∥Tnνn –Gnνn∥∥
≤ ∥∥νn – Tnνn∥∥ + Lβn∥∥νn – Tnνn∥∥
= ( + Lβn)
∥∥νn – Tnνn∥∥.
Thus
∥∥νn – Tnνn∥∥ ≥ ( + Lβn) ‖νn –Gnνn‖. (.)
Observe also that
‖xn+ – νn‖ =
∥∥( – αn)νn + αnGnνn – νn∥∥ = αn‖νn –Gnνn‖. (.)
Using (.) and (.), we obtain





[‖xn – xn+‖ – tn‖xn‖‖xn – xn+‖].
It now follows from (.) that
∥∥νn – Tnνn∥∥ ≥ ( + Lβn) ‖νn –Gnνn‖
≥ 
αn( + Lβn)
[‖xn – xn+‖ – tn‖xn‖‖xn – xn+‖]. (.)
Using (.) in (.), we obtain












– tn‖xn‖‖xn – xn+‖
]}
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– tn‖xn‖‖xn – xn+‖
]
≤ ‖xn – p‖ – tn〈xn,xn – p〉 + tn‖xn‖ – σ‖xn – xn+‖
+ σtn‖xn‖‖xn – xn+‖(
where σ =
[ – ( + λ)b – bL]




= ‖xn – p‖ – σ‖xn – xn+‖ + tn
[
–〈xn,xn – p〉







Since {xn} is bounded, we have that there existsM >  such that
–〈xn,xn – p〉 + tn‖xn‖ + σ‖xn‖‖xn – xn+‖ ≤M, ∀n≥ . (.)
From (.) and (.) we obtain





To complete the proof, we now consider the following two cases.
Case . Suppose that {‖xn – p‖}∞n= is a monotone sequence, then we may assume that
{‖xn–p‖} is monotone decreasing. Then limn→∞ ‖xn–p‖ exists and it follows from (.),
conditions (c) and limn→∞ kn =  that
lim
n→∞‖xn – xn+‖ = . (.)
Furthermore,
‖νn – xn‖ ≤ tn‖xn‖ →  as n→ ∞, and
‖νn – xn+‖ ≤ ‖νn – xn‖ + ‖xn – xn+‖ →  as n→ ∞.
Hence
‖νn –Gnνn‖ = 
αn
‖νn –Gnνn‖ ≤ 

‖νn – xn+‖ →  as n→ ∞.
Furthermore,
∥∥νn – Tnνn∥∥ ≤ ‖νn –Gnνn‖ + ∥∥Gnνn – Tnνn∥∥
≤ ‖νn –Gnνn‖ + Lβn
∥∥νn – Tnνn∥∥.
Thus
∥∥νn – Tnνn∥∥ ≤  – Lβn ‖νn –Gnνn‖ ≤

 – Lb‖νn –Gnνn‖ →  as n→ ∞,
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and
∥∥xn – Tnxn∥∥ ≤ ‖xn – νn‖ + ∥∥νn – Tnνn∥∥
+
∥∥Tnνn – Tnxn∥∥
≤ ( + kn)‖xn – νn‖
+
∥∥νn – Tnνn∥∥→  as n→ ∞.
Observe also that since T is uniformly L-Lipschitzian, we obtain
‖νn – Tνn‖ ≤
∥∥νn – Tnνn∥∥ + ∥∥Tnνn – Tνn∥∥
≤ ∥∥νn – Tnνn∥∥ + L∥∥Tn–νn – νn∥∥
≤ ∥∥νn – Tnνn∥∥ + L∥∥Tn–νn – Tn–νn–∥∥
+ L
∥∥Tn–νn– – νn–∥∥ + L‖νn– – νn‖
≤ ∥∥νn – Tnνn∥∥ + L∥∥Tn–νn– – νn–∥∥ + L( + L)‖νn – νn–‖
≤ ∥∥νn – Tnνn∥∥ + L∥∥Tn–νn– – νn–∥∥
+ L( + L)
[‖νn – xn‖ + ‖xn – xn–‖
+ ‖xn– – νn–‖
]→  as n→ ∞. (.)
Furthermore,
‖xn – Txn‖ ≤
∥∥xn – Tnxn∥∥ + ∥∥Tnxn – Txn∥∥
≤ ∥∥xn – Tnxn∥∥ + L∥∥Tn–xn – xn∥∥
≤ ∥∥xn – Tnxn∥∥ + L∥∥Tn–xn – Tn–xn–∥∥
+ L
∥∥Tn–xn– – xn–∥∥ + L‖xn– – xn‖
≤ ∥∥xn – Tnxn∥∥ + L∥∥Tn–xn– – xn–∥∥
+ L( + L)‖xn – xn–‖ →  as n→ ∞. (.)
Since limn→∞ ‖xn – Txn‖ = limn→∞ ‖νn – Tνn‖ = limn→∞ ‖νn – xn‖ = , then the demi-
closedness property of (I – T), (.) and the usual standard argument yield that {xn}∞n=
and {νn}∞n= converge weakly to some x∗ ∈ F(T). Since ‖νn – x∗‖ ≤ D, ∀n ≥ , and for
some D > , then using (.) we obtain
∥∥xn+ – x∗∥∥ ≤ ∥∥νn – x∗∥∥ + αn(kn – )D
≤ ∥∥( – tn)(xn – x∗) – tnx∗∥∥ + αn(kn – )D
= ( – tn)
∥∥xn – x∗∥∥ – tn( – tn)〈xn – x∗,x∗〉
+ tn
∥∥x∗∥∥ + αn(kn – )D
≤ ( – tn)
∥∥xn – x∗∥∥ – tn( – tn)〈xn – x∗,x∗〉
+ tn
∥∥x∗∥∥ + αn(kn – )D. (.)
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Thus
∥∥xn+ – x∗∥∥ ≤ ( – tn)∥∥xn – x∗∥∥ + tnγn + σn, ∀n≥ ,
where γn := –( – tn)〈xn – x∗,x∗〉 + tn‖x∗‖ →  as n → ∞, and σn = αn(kn – )D with∑∞
n= σn < ∞. It now follows from Lemma . that {xn}∞n= converges strongly to x∗. Con-
sequently, {νn}∞n= converges strongly to x∗.
Case . Suppose that {‖xn – p‖}∞n= is not a monotone decreasing sequence, then set
	n := ‖xn –p‖, and let τ :N→N be amapping deﬁned for all n≥N for some suﬃciently
large N by
τ (n) :=max{k ∈N : k ≤ n,	k ≤ 	k+}.
Then τ is a non-decreasing sequence such that τ (n) → ∞ as n → ∞ and 	τ (n) ≤ 	τ (n)+
for n≥N. Using (c) and (c) in (.), we obtain





kτ (n) – 
)
D
]→  as n→ ∞. (.)
Following the same argument as in Case , we obtain
‖ντ (n) – Tντ (n)‖ →  as n→ ∞ and ‖xτ (n) – Txτ (n)‖ →  as n→ ∞.
As in Case  we also obtain that {xτ (n)} and {ντ (n)} converge weakly to some x∗ in F(T).
Furthermore, for all n≥N, we obtain from (.) that
 ≤ ∥∥xτ (n)+ – x∗∥∥ – ∥∥xτ (n) – x∗∥∥
≤ tτ (n)
[
–( – tτ (n))
〈





(kτ (n) – )
tτ (n)
–
∥∥xτ (n) – x∗∥∥
]
. (.)
It follows from (.) that
∥∥xτ (n) – x∗∥∥ ≤ ( – tτ (n))〈x∗ – xτ (n),x∗〉 + tτ (n)∥∥x∗∥∥
+Dατ (n)
(kτ (n) – )
tτ (n)
→  as n→ ∞.
Thus
lim
n→∞	τ (n) = limn→∞	τ (n)+.
Furthermore, for n≥N, we have 	n ≤ 	τ (n)+ if n = τ (n) (i.e., τ (n) < n), because 	j > 	j+
for τ (n) + ≤ j≤ n. It then follows that for all n≥N we have
≤ 	n ≤ max{	τ (n),	τ (n)+} = 	τ (n)+.
This implies limn→∞	n = , and hence {xn}∞n= converges strongly to x∗ ∈ F(T). 
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Corollary . Let C be a nonempty closed convex subset of a real Hilbert space H with
 ∈ C, and let T : C → C be a uniformly L-Lipschitzian asymptotically pseudocontractive
mapping with a sequence {kn}∞n= ⊆ [,∞),
∑∞
n=(kn – ) < ∞ and F(T) = ∅. Let {tn}∞n=,
{αn}∞n= and {βn}∞n= be real sequences in (, ) satisfying the conditions:




(c)  <  ≤ αn ≤ ( – tn)βn ≤ βn ≤ b < (+λ)+√(+λ)+L , where λ = supn kn;
(c) limn→∞ (kn–)tn = .
Then the sequence {xn}∞n= generated from an arbitrary x ∈ C by⎧⎪⎨
⎪⎩
νn = ( – tn)xn, n≥ ,
yn = ( – βn)νn + βnTnνn, n≥ ,
xn+ = ( – αn)νn + αnTnyn, n≥ ,
converges strongly to a ﬁxed point of T .
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